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a b s t r a c t
This work studies the Cauchy problem for the generalized damped multidimensional
Boussinesq equation. By using a multiplier method, it is proven that the global solution
of the problem decays to zero exponentially as the time approaches infinity, under a very
simple and mild assumption regarding the nonlinear term.
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1. Introduction
In this work, we study the Cauchy problem for the generalized damped multidimensional Boussinesq equation
utt −1u−1utt +12u− k1ut = 1f (u), (x, t) ∈ Rn × (0,∞) , (1)
u (x, 0) = u0(x), ut (x, 0) = u1(x), x ∈ Rn, (2)
where u (x, t) denotes the unknown function, f (s) is the given nonlinear function, u0(x) and u1(x) are the given initial value
functions, k is a constant, the subscript t indicates the partial derivative with respect to t, n is the dimension of the space
variable x, and1 denotes the Laplace operator in Rn.
Scott Russell’s study [1] of solitary water waves motivated the development of nonlinear partial differential equations
for the modeling of wave phenomena in fluids, plasmas, elastic bodies, etc. It is well known that the Boussinesq equation
can be written in two basic forms:
utt − uxx + δuxxxx =

u2

xx , (3)
utt − uxx − uxxtt =

u2

xx . (4)
Eq. (4) is an important model that approximately describes the propagation of long waves on shallow water like the other
Boussinesq equations (with uxxxx, instead of uxxtt ). In the case δ > 0, Eq. (3) is linearly stable and governs small nonlinear
transverse oscillations of an elastic beam (see [2] and references therein). It is called the ‘‘good’’ Boussinesq equation, while
this equation with δ < 0 received the name of the ‘‘bad’’ Boussinesq equation since it possesses linear instability. Eq. (3)
was first deduced by Boussinesq [3]. Eq. (4) is called the improved Boussinesq equation (IBq equation).
There is considerable mathematical interest in the Boussinesq equations which have been studied in various aspects
(see [4] and references therein).
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Xu and Liu [5] studied asymptotic behavior solutions for initial–boundary value problems for strongly damped nonlinear
wave equations:
utt − α1ut −1u = 1f (u) .
Xu et al. [6] studied the asymptotic behavior solution for the fourth-order wave equation with dispersive and dissipative
terms
utt −1u−1ut −1utt = 1f (u).
Polat and Ertaş [4] studied the existence, both locally and globally in time, and blow up of a solution for the Cauchy
problem for the generalized damped multidimensional Boussinesq equation
utt −1u−1utt +12u− k1ut = 1f (u).
Throughout this work, Lp denotes the usual space of all Lp functions on Rn with norm given by ∥f ∥Lp = ∥f ∥p and
∥f ∥2 = ∥f ∥. Hs denotes the usual Sobolev space on Rn with norm ∥f ∥Hs =
(I −1) s2 f 
2
, where 1 ≤ p ≤ ∞, s ∈ R.
Proposition 1.1 ([4]). Assume that 1 ≤ n ≤ 4, s ≥ n+12 , f (u) ∈ C [s]+1(R), F(u) =
 u
0 f (s)ds, F(u) ≥ 0 or f ′(u) is
bounded below, i.e. there is a constant A0 such that f ′(u) ≥ A0 for any u ∈ R, f ′(u) ≤ A |u|ρ + B, 0 < ρ ≤ ∞ for
2 ≤ n ≤ 4, (−1)− 12 u1 ∈ L2, u0 ∈ Hs+1 and u1 ∈ Hs, F (u0) ∈ L1. Then problem (1), (2) admits a unique global solution
u (x, t) ∈ C ([0,∞),Hs) ∩ C1 [0,∞),Hs−1 and (−1)− 12 ut ∈ L2.
2. Asymptotic behavior of solutions
Theorem 2.1. Let k > 0 and assume that
0 ≤ F(u) ≤ f (u)u, ∀u ∈ R, F(u) =
 u
0
f (s)ds.
Then for the global solution of problem (1), (2) there exist positive constants c and λ such that
E(t) ≤ cE(0)e−λt , 0 ≤ t <∞, (5)
where
E(t) = 1
2
(−1)− 12 ut2 + ∥ut∥2 + ∥u∥2 + ∥∇u∥2+ 
Rn
F(u)dx.
Proof. Let u (x, t) be a global solution of problem (1), (2). Multiplying (1) by (−1)−1 ut and integrating on Rn it follows that
d
dt
E(t)+ k ∥ut∥2 = 0. (6)
Multiplying (6) by eδt we get
d
dt

eδtE(t)
+ keδt ∥ut∥2 = δeδtE(t). (7)
Integrating (7) over (0, t)we get
eδtE(t)+ k
 t
0
eδτ ∥uτ∥2 dτ = E(0)+ δ
 t
0
eδτE (τ ) dτ
= E(0)+ δ
2
 t
0
eδτ
(−1)− 12 uτ2 + ∥u∥2 + ∥uτ∥2 dτ
+ δ
 t
0
eδτ

1
2
∥∇u∥2 +

Rn
F(u)dx

dτ . (8)
From 0 ≤ F(u) ≤ f (u)u and Eq. (1) we have
1
2
∥∇u∥2 +

Rn
F (u) dx ≤ 1
2
∥∇u∥2 +

Rn
f (u)udx
= 1
2
∥∇u∥2 − (−1)−1 utt + utt + u−1u+ kut , u
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= 1
2
∥∇u∥2 − (−1)−1 utt , u− (utt , u)− ∥u∥2 − ∥∇u∥2 − k2 ddt ∥u∥2
= −1
2
∥∇u∥2 − (−1)−1 utt , u− (utt , u)− ∥u∥2 − k2 ddt ∥u∥2 .
Hence we have
δ
 t
0
eδτ

1
2
∥∇u∥2 +

Rn
F(u)dx

dτ ≤ δ
 t
0
eδτ [−1
2
∥∇u∥2 − (−1)−1 uττ , u− (uττ , u)
− ∥u∥2 − k
2
d
dτ
∥u∥2]dτ . (9)
We will estimate the terms on the right-hand side of (9) separately. For the second term, by using integration by parts and
Young’s inequality, we have
−
 t
0
eδτ

(−1)−1 uττ , u

dτ = −
 t
0
eδτ

d
dτ

(−1)−1 uτ , u
− (−1)− 12 uτ2 dτ
= −eδt

(−1)− 12 ut , (−1)− 12 u

+

(−1)− 12 u1, (−1)− 12 u0

+ δ
 t
0
eδτ

(−1)− 12 uτ , (−1)− 12 u

dτ +
 t
0
eδτ
(−1)− 12 uτ2 dτ
≤ 1
2
eδt
(−1)− 12 ut2 + (−1)− 12 u2
+ 1
2
(−1)− 12 u12 + (−1)− 12 u02
+ δ
2
 t
0
eδτ
(−1)− 12 uτ2 + (−1)− 12 u2 dτ
+
 t
0
eδτ
(−1)− 12 uτ2 dτ . (10)
Similarly for the third term, by using integration by parts and Young’s inequality, we have
−
 t
0
eδτ (uττ , u) dτ = −
 t
0
eδτ

d
dτ
(uτ , u)− ∥uτ∥2

dτ
= −eδt (ut , u)+ (u1, u0)+ δ
 t
0
eδτ (uτ , u) dτ +
 t
0
eδτ ∥uτ∥2 dτ
≤ 1
2
eδt
∥ut∥2 + ∥u∥2+ 12 ∥u1∥2 + ∥u0∥2
+ δ
2
 t
0
eδτ
∥uτ∥2 + ∥u∥2 dτ +  t
0
eδτ ∥uτ∥2 dτ . (11)
For the last term, by using integration by parts, we have
− k
2
 t
0
eδτ
d
dτ
∥u∥2 dτ = − k
2
eδt ∥u∥2 + k
2
∥u0∥2 + k2δ
 t
0
eδτ ∥u∥2 dτ . (12)
Substituting (10)–(12) into (8) and (9), it follows that there exist positive constants c0, c1 and c2 such that
eδtE(t)+ k
 t
0
eδτ ∥uτ∥2 dτ ≤ c0E(0)+ c1δeδtE(t)+ c2δ2
 t
0
eδτE (τ ) dτ + 3
2
δ
 t
0
eδτ ∥uτ∥2 dτ . (13)
Take δ satisfying 0 < δ < min

1
2c1
, 2k3

; then from (13) we can get
eδtE(t) ≤ 2c0E(0)+ 2c2δ2
 t
0
eδτE (τ ) dτ
which together with the Gronwall inequality gives
eδtE(t) ≤ 2c0E(0)e2c2δ2t , 0 ≤ t <∞
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and
E(t) ≤ 2c0E(0)e−(δ−2c2δ2)t , 0 ≤ t <∞.
Again taking δ satisfying 0 < δ < min

1
2c1
, 2k3 ,
1
2c2

, we can obtain (5), where λ = δ − 2c2δ2 > 0, c = 2c0. Theorem 2.1 is
proved. 
References
[1] J. Scott Russell, Report on water waves, British Assoc. Report, 1844.
[2] V.V. Varlamov, Eigenfunction expansion method and the long-time asymptotics for the damped Boussinesq equation, Discrete Contin. Dyn. Syst. 7 (4)
(2001) 675–702.
[3] J.V. Boussinesq, Théorie générale des mouvements qui sont propagés dans un canal rectangulaire horizontal, C. R. Acad. Sci. Paris 73 (1871) 256–260.
[4] N. Polat, A. Ertaş, Existence and blow up of solution of Cauchy problem for the generalized damped multidimensional Boussinesq equation, J. Math.
Anal. Appl. 349 (2009) 10–20.
[5] Runzhang Xu, Yacheng Liu, Asymptotic behavior of solutions for initial–boundary value problems for strongly damped nonlinear wave equations,
Nonlinear Anal. TMA 69 (2008) 2492–2495.
[6] Runzhang Xu, Xiren Zhao, Jihong Shen, Asymptotic behaviour of solution for fourth order wave equation with dispersive and dissipative terms, Appl.
Math. Mech. (English Ed.) 29 (2) (2008) 259–262.
